In this paper, we make use of a new stability result and bifurcation theory to study the existence and uniqueness of positive solutions to semilinear elliptic systems with some general sublinear conditions. Moreover, we obtain the precise global bifurcation diagrams of the system in a single monotone solution curve. MSC: 35J55; 35B32
Introduction
We consider positive solutions of a semilinear elliptic system with n equations (n ≥ ) Then ∂f i /∂u j ≥  (i = j) for (u  , . . . , u n ) ∈ R n + .
The purpose of this paper is to study the existence, uniqueness and stability of positive solutions of such cooperative system (.) under certain conditions of f i . http://www.boundaryvalueproblems.com/content/2013/1/74
The existence, uniqueness and stability of positive solutions to sublinear semilinear elliptic systems with two equations have been recently studied in [-] . The sublinear condition plays an important role. In this paper, we continue the effort in [] to prove the stability of a positive solution to (.) under some reasonable sublinear conditions, and the stability implies the uniqueness of the positive solution. We also prove corresponding existence results using bifurcation theory and the continuation method. This is motivated by the existence study of exact multiplicity (and uniqueness) of positive solutions to the scalar semilinear elliptic equation:
starting from Korman et al. [, ] . In Ouyang and Shi [, ], their result classified the different global exact multiplicity of (.) for more general nonlinearity f . There are more results on the existence and uniqueness of solution to the semilinear cyclic elliptic system
The notation of sublinearity and superlinearity of the nonlinear vector field or the ones in higher dimension was considered in Sirakov [] . We organize the rest of this paper in the following way. In Section , we recall the maximum principle and prove the main stability result. In Section , we use the stability result and bifurcation theory to prove the existence and uniqueness of a positive solution. We also obtain the precise global bifurcation diagrams of the system (the bifurcation diagram is a single monotone solution curve in all cases) and give some examples. In Section , we consider the similar question for merely Hölder continuous nonlinearities, and we use monotone methods for existence. We use W ,p ( ) and W ,p loc ( ) for the standard Sobolev space, C( ) for the space of continuous functions defined on , and 
Stability and linearized equations
In this section, we study the stability result about a positive solution. Let U = (u  , . . . , u n ) be a solution of (.). We shall denote the partial derivative of f i (U) with respect to u j by f ij (U) or f ij . The stability of U is determined by the eigenvalue equation
which can be written as
An n × n matrix A is reducible if for some permutation matrix Q,
where B and C are square matrices and Q T is the transpose of Q. Otherwise, A is irreducible.
Throughout this paper, H is assumed to be irreducible, since if not the case, the linearized system (.) can be reduced to two subsystems with one being not coupled with the other. If we assume that H is cooperative and irreducible, then the maximum principles hold for such systems. Before stating our results, we recall some known results as required.
L, H are given as in (.), and H = (f ij ) is irreducible and satisfies f ij
Then we have the following.
For the result and proofs, see Sweers [] , Proposition . and Theorem .. Moreover, from a standard compactness argument, there are countably many eigenvalues {μ i } of L -H, and |μ i -μ  | → ∞ as i → ∞. We notice that μ i is not necessarily real-valued. We call a solution U stable if μ  > ; and otherwise, it is unstable (μ  ≤ ).
For our purpose, in this section, we also need to consider the adjoint operator of L -H. Let the transpose matrix of the Jacobian be
Then, evidently, the results in Lemma . also hold for the eigenvalue problem
which is 
Lemma . Let X, Y , L and H be the same as in Lemma
and u *  >  in .
Cui et al.
[] obtained the stability result of a positive solution for the system with two equations. We give the following stability result about a positive solution of (.).
Theorem . Suppose that U = (u  , . . . , u n ) is a positive solution of (.), f i is cooperative and H = (f ij ) is irreducible, then U is stable if f i satisfies one of the following conditions: for any U ∈ R n + ,
Proof Let U = (u  , . . . , u n ) be a positive solution of (.), and let (μ  , u * ) be the corresponding principal eigen-pair of (.) such that ξ * i >  in for any  ≤ i ≤ n. We assume that f i satisfies (H  ). Multiplying the system (.) by u * , the system (.) by U, integrating over and subtracting, we obtain
Similar to the proof above, let (μ  , u) be the corresponding principal eigen-pair of (.) such that ξ i >  in for any i = , . . . , n. We assume that f i satisfies (H  ). Multiplying the system (.) by u, the system (.) by U, integrating over and subtracting, we can get
On the other hand, the same proof also implies the following instability result under the opposite condition of (H  ) and (H  ). 
and H is the original Jacobian matrix of the vector field (f  (U), . . . , f n (U)), and H T is the transpose matrix of the Jacobian H. The condition (H  ) is clearly more natural as the conditions for f i are separate. Hence the sublinearity can be defined for a single n-variable function. The condition (H  ) is defined for the whole vector field (f  (U), . . . , f n (U)). . If a solution U is stable, then it is necessarily a non-degenerate solution. That is, any eigenvalue μ i of (.) has a positive real part. But when a solution is proved to be unstable, it can be a degenerate one with zero or pure imaginary eigenvalues.
Existence and uniqueness
In this section, we consider the uniqueness and existence of positive solutions for the following problem:
Suppose that each g ij (x) (i, j = , , . . . , n) is a smooth real function defined on R + satisfying
The Perron-Frobenius theorem plays a critical role in our main result.
Lemma . (Perron-Frobenius theorem: strong form [, Theorem ..]) Let n × n matrix A be a nonnegative irreducible matrix. Then ρ(A) is a simple eigenvalue of A, associated to a positive eigenvector, where ρ(A) denotes the spectral radius of A. Moreover, ρ(A) > .
Here let (λ  , ϕ  ) be the principal eigen-pair of Proof Our proof follows that of Theorem . in [] . Firstly, we extend g ij to be defined on R and they are continuously differentiable on R.
Hence from Theorem ., any positive solution of (.) is stable.
Let us define
where λ ∈ R and u  , u  , . . . , u n ∈ C It is easy to see that (λ, U) = (, , . . . , ) is a solution of (.). We apply the implicit function theorem at (λ, U) = (, , . . . , ). The Fréchet derivative of F is given by
T is an isomorphism from X to Y , and the implicit function theorem implies that F(λ, U) =  has a unique solution (λ, U(λ)) for λ ∈ (, δ) for some small δ > , and (u  (), . . . , u n ()) is the unique solution of
(.) http://www.boundaryvalueproblems.com/content/2013/1/74
Therefore,
where e is the unique positive solution of
and g ij is positive, hence u k (λ) >  as well.
Next we assume that g ij () =  and g ij () >  (i, j = , . . . , n). The linearized operator is
Since g ij () > , all entries of matrix J are positive. Therefore, by using Lemma ., there exist a positive principal eigenvalue χ J and the corresponding eigenvector
T is a positive eigenvector of F (u  ,...,u n ) (λ * , , . . . , ), where λ * = λ  /χ J . Similarly, J T has the same principal eigenvalue χ J , and the corre- Suppose that (h  , . . . , h n ) T ∈ R(F U (λ * , , . . . , )), then there exist (ψ  , . . . , ψ n ) ∈ X such that
Consider the adjoint eigenvalue equation
Multiplying the system (.) by (ψ *  , . . . , ψ * n ), the system (.) by (ψ  , . . . , ψ n ), integrating over and subtracting, we get
Hence (h  , . . . , h n ) T ∈ R(F U (λ * , , . . . , )) if and only if (.) holds, which implies that the codimension of R(F U (λ * , , . . . , )) is one. Next we verify that
But this contradicts with Next we claim that (.) has no positive solution when λ ≤ λ * . Let (u  , . . . , u n ) is a positive solution of (.) and (k *
Multiplying the system (.) by (k *  ϕ  , k *  ϕ  , . . . , k * n ϕ n ), the system (.) by (u  , . . . , u n ), integrating over and subtracting, by (A  ) and n j= g ij () = , we obtain
Hence (.) has no positive solution when λ ≤ λ * . And the solution {(λ(s), u  (s), . . . , u n (s))} can also be parameterized as (λ, u  (λ), . . . , u n (λ)) for λ ∈ (λ * , λ * + δ). With the implicit function theorem, we can extend this curve to the largest λ * . Let = {(λ, u  (λ), . . . , u n (λ)) : λ * < λ < λ * }. We show that (u  (λ), . . . , u n (λ)) is strictly increasing in λ for λ ∈ (λ * , λ * ). In fact, (∂u  (λ)/∂λ, . . . , ∂u n (λ)/∂λ) satisfies the equation Hence (∂u  (λ)/∂λ, . . . , ∂u n (λ)/∂λ) from the maximum principle (Lemma . part ) and the fact that μ  ((u  (λ), . . . , u n (λ))) >  from the stability of positive solutions. We claim that λ * = ∞. Suppose not, then λ * < ∞ and (u  (λ), . . . , u n (λ)) X < ∞. Then one can show that the curve can be extended to λ = λ * from some standard elliptic estimates, then from the implicit function theorem, can be extended beyond λ = λ * , which is a contradiction; if λ * < ∞ and (u  (λ), . . . , u n (λ)) X = ∞, a contradiction can be derived with the solution curve which cannot blow up at finite λ * (see similar arguments for the scalar equation in
[]). Hence we must have λ * = ∞.
Finally, we claim the uniqueness. If there is another positive solution for some λ > λ * , then the arguments above show that this solution also belongs to a solution curve defined for λ ∈ (λ * , ∞), and the solutions on the curve are increasing in λ, but the nonexistence of positive solutions for λ < λ * and the local bifurcation at λ = λ * exclude the possibility of
